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It is obvious that every open function f : X → Y has for every y ∈ Y a cover εy of the
subspace f −1(y) by singletons such that
(∗) every open neighborhood of every x ∈ εy also contains x′ ∈ εy′ for every point y′ from
some neighborhood of y.
If x (and x′) in (∗) can be two-point set with the same image, we obtain a simple
generalization of the notion of open function. In this case we prove that there exist Xi ⊂ X
(i = 1,2, . . .) such that each restriction f |Xi is an open function onto f (Xi) and the sets
f (Xi) cover Y .
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Our purpose is to introduce the notion of a 2-open (2-closed) function1 f : X → Y and to prove that for every such
function there is a subset X∗ ⊂ X for which f (X∗) = Y and the restriction f |X∗ is countably open (countably closed).
A function f : X → Y between topological spaces is called countably open (resp. countably closed) if X has a countable
disjoint cover C such that for every set C ∈ C the restriction f |C : C → f (C) is an open (closed) function onto f (C).
The following idea of generalization of closed functions is based on a property of so-called y-universal sets [2]: their
intersections with the preimages of points y ∈ Y are closed sets.
Deﬁnition 1.1. A function f : X → Y between topological spaces is n-open (resp. n-closed) if for every y ∈ Y there is a cover
εy of the subspace f −1(y) by sets of cardinality  n (resp. by  n closed sets) such that
• for each point y ∈ Y , a set B ∈ εy and a neighborhood O B ⊂ X of B there is a neighborhood O y ⊂ Y of y such that for
each y′ ∈ O y there is a set B ′ ∈ εy′ with B ′ ⊂ O B .
It can be shown that a function is 1-open (resp. 1-closed) if and only if it is open (resp. closed) in the standard sense:
the image f (W ) of every open (resp. closed) set W ⊂ X is an open (resp. closed) set.
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It follows immediately from the proof of [2, Theorem 1] that for every continuous n-open function f : X → f (X), deﬁned
on a Polish space X , there exists a subset X0 ⊂ X such that the restriction f |X0 is a closed function with compact ﬁbers
onto Y .
This statement remains valid if we replace “X is Polish” by “ f is an n-to-one function” [1].
Remark 2.1. 1. Deﬁnition 1.1 forces εy to satisfy all the conditions for εy in [4, Deﬁnition 1′].
2. Obviously, item • in Deﬁnition 1.1 is equivalent to the following:
• for each point y ∈ Y , a set B ∈ εy and a neighborhood O B ⊂ X of B there is a neighborhood O y ⊂ Y of y such that for
each y′ ∈ O y \ {y} there is a set B ′ ∈ εy′ with B ′ ⊂ O B . 
Given an n-open function f : X → Y between metrizable separable spaces, we will produce below two modiﬁcations ε˜y
and εˆy of each family εy analogously to ones in [4].
Let us consider for every y ∈ Y the following family ε˜y ⊃ εy of all nonempty subsets B ⊂ f −1(y) satisfying the conditions
of above Deﬁnition 1.1:
ε˜y = {B ⊂ f −1(y): |B|  n and for every open U ⊃ B there is a neighborhood O (y) of y such that for every y′ ∈
O (y) \ {y} there is B ′ ∈ εy′ for which B ′ ⊂ U }.
If every B is a ﬁnite set, for every B0 ∈ ε˜y there is a minimal subset Bm ⊂ B0, such that
• Bm ∈ ε˜y ;
• for every B ′ ∈ ε˜y , if B ′ ⊂ Bm then B ′ = Bm .
Denote by εˆy the family of all minimal subsets Bm ∈ ε˜y :
εˆy =
{
B ∈ ε˜y: ∀B ′ ∈ ε˜y
(
B ′ ⊂ B ⇒ B ′ = B)}.
Elements of the family εˆy are minimal elements of the family ε˜y and are called poles.
The following lemma is an analogue of [4, Lemma 4(ii)].
Lemma 2.1. For every k-pole D = {x1, . . . , xk} ⊂ f −1(y), there exist in X exactly k arbitrarily small, disjoint balls O (x1), . . . , O (xk)
centered at points x1, . . . , xk such that if B ∈ ε˜y and B ⊂⋃ki=1 O (xi) then B intersects all O (xi).
Proof. Suppose the opposite. Without loss of generality we can suppose that for k − 1 points {x1, . . . , xk−1} every set⋃k−1
i=1 O 1/p(xi) ∩ f −1(y), where O 1/p(xi) is a 1/p-ball centered at xi , contains an elements Bp ∈ ε˜y for every p = 1,2, . . . .
Since f (Bp) = y, for the neighborhood U =⋃k−1i=1 O 1/p(xi) of Bp there is an open ball O (y) centered at y such that for
every y′ ∈ O (y) \ {y} there is B ′ ∈ εy′ for which B ′ ⊂ U .
Hence, by deﬁnition of ε˜y , the set of points {x1, . . . , xk−1} is an element of ε˜y and simultaneously a subset of D =
{x1, . . . , xk} that contradicts the assumption that D ∈ εˆy is a minimal element. 
The following Corollary 2.1 will be used in the proof of Theorem 3.1.
Corollary 2.1. Let f : X → Y be a 2-open function between metrizable separable spaces. Then for every two-pole D = {x1, x2} ⊂
f −1(y), there exist two arbitrarily small, disjoint neighborhoods O (x1), O (x2) of points x1 , x2 such that the set O (x1) ∪ O (x2) ∩
f −1(y) contains only two-poles and they intersect with both O (x1) and O (x2). 
3. 2-open functions
Given a 2-open function g : X → Y between metrizable separable spaces, denote by X∗ the union of all poles (namely,
two-poles and one-poles) of g and denote by f = g|X∗ the restriction of g to X∗ . It is easy to check, that f is a 2-open
function relative to families ε˜y .
A subset A of a topological space X is locally closed if it can be written as the intersection A = U ∩ F of open and closed
sets U , F ⊂ X , respectively. It is clear that a set is locally closed if and only if it is open in its closure.
Theorem 3.1. For a 2-open function f : X∗ → Y between metrizable separable spaces, there is a countable family L of subsets of the
union X∗ =⋃{ˆy: y ∈ Y } of all poles of f such that:
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(2) the set Y0 = Y \⋃L∈L f (L) is of type Gδ in Y and for the set X0 = X∗ ∩ f −1(Y0) the restriction f |X0 : X0 → Y0 is an open
surjective function.
Proof. For any disjoint open subsets U1, U2 of X , consider the set F = F (U1,U2) ⊂ Y of all points y ∈ Y such that
• there is a set B ∈ ε˜y with B ⊂ U1 ∪ U2;
• each set B ∈ ε˜y with B ⊂ U1 ∪ U2 meets both sets U1 and U2.
For every i ∈ {1,2} consider the set
Li = Li(U1,U2) = Ui ∩
⋃
y∈F (U1,U2)
⋃
{B ∈ ε˜y: B ⊂ U1 ∪ U2}.
In order to prove Theorem 3.1 we need the following Lemmas 3.1 and 3.2.
Lemma 3.1. The restrictions f |L1 : L1 → F and f |L2 : L2 → F are open.
Proof. Take any point x1 ∈ L1, and any neighborhood V1 ⊂ U1 of x1 in X . By the deﬁnition of the set L1 there is a set
B ∈ ε˜y, y ∈ F , with x1 ∈ B ⊂ U1 ∪ U2. By the deﬁnition of the set F , the set B intersects both sets U1 and U2. Since x1 ∈ B
and |B| = 2, we conclude that B ⊂ V1 ∪U2. Since B ∈ ε˜y , the point y has a neighborhood O y ⊂ Y such that for each y′ ∈ O y
there is a set B ′ ∈ εy′ with B ′ ⊂ V1 ∩ U2.
We claim that O y ∩ F ⊂ f (L1 ∩ V1). Indeed, for every y′ ∈ O y ∩ F there is a set B ′ ∈ εy′ with B ′ ⊂ V1 ∪ U2 ⊂ U1 ∪ U2.
Since y′ ∈ F and B ′ ∈ εy′ ⊂ ε˜y′ , the set B ′ meets both sets U1 and U2 by the deﬁnition of the set F . Choose any point
x′ ∈ B ′ ∩ U1 = B ′ ∩ V1 and observe that x′ ∈ L1 ∩ V1 and y′ = f (x′) ∈ f (L1 ∩ V1). 
Lemma 3.2. For any disjoint open subsets U1,U2 ⊂ Y the set F = F (U1,U2) is locally closed in Y .
Proof. Let us take for every y ∈ F a neighborhood O y ⊂ Y such that for each y′ ∈ O y there is B ′ ∈ εy′ with B ′ ⊂ U1 ∩ U2.
Denote
O F (U1,U2) =
⋃
{O y: y ∈ F }.
Then F is a closed subset of the open set O F (U1,U2).
Indeed, suppose the opposite, that there exist y′ ∈ O y and yi ∈ F (i = 1,2, . . .) for which yi → y′ and y′ /∈ F , hence
∃B ′ ∈ εy′ for which the condition B ′ ⊂ f −1(y′) ∩ (U1 ∪ U2) implies that B ′ ∩ U1 = ∅ or B ′ ∩ U2 = ∅.
If, for example, B ′ ∩ U1 = ∅, then B ′ ⊂ U2 and by deﬁnition of a 2-open function, there is yi ∈ Int( f (U2)) such that
f −1(yi) ∩ U2 contains some elements of εyi contradicting the condition that yi ∈ F . 
Fix a countable base B of the topology and consider the countable family L= {L1(U1,U2), L2(U1,U2): U1,U2 ∈ B,U1 ∩
U2 = ∅} of subsets of X , which satisﬁes the condition (1) of Theorem 3.1 according to Lemmas 3.1 and 3.2. Lemma 3.2
implies that the set Y0 = Y \⋃L∈L is of type Gδ in Y . The deﬁnition of the sets F (U1,U2) guarantees that the set X0 =
X∗ ∩ f −1(Y0) is a union of one-poles of the function f , which implies that the restriction f |X0 : X0 → Y0 is an open
function. This completes the proof of Theorem 3.1. 
The following Corollary 3.1 is immediate from Theorem 3.1.
Corollary 3.1. Let g : X → Y be a 2-open function. Then there exists a subset Z ⊂ X such that the restriction g|Z is a countably open
function onto Y .
4. 2-closed functions
The following equivalent deﬁnition of n-closed functions shows that the proof of Lemma 4.1 below can also be obtained
by modifying only slightly the method of [4, Lemma 5].
We recall that a function f : X → Y is n-closed if for every y ∈ Y there is a family εy of nonempty closed subsets of X
such that
• f −1(y) =⋃εy ;
• |εy| n;
• for every open in X subset O B ⊃ B ∈ εy there exists a neighborhood O (y) of y such that for every y′ ∈ O (y) there
exists B ′ ∈ εy′ with B ′ ⊂ O B .
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restrictions f |M and f | f −1(Y \ f (M)) are closed functions.
Proof. The proof of the theorem is based essentially on the following lemma.
Lemma 4.1. (a) For every y ∈ Y \ f (M) there is its neighborhood O (y) ⊂ Y \ f (M) such that f | f −1(O (y)) is a closed function onto
O (y);
(b) f |M is a closed function onto a closed in Y subset f (M).
Proof. (a) For every y ∈ Y \ f (M) let us consider pairwise disjoint neighborhoods O (K ), K ∈ εy , and deﬁne
O K (y) =
{
y′ ∈ Y : ∃K ′ ∈ εy′ , K ′ ⊂ O (K )
}
,
O (y) =
⋂
K∈εy
O K (y).
Obviously, O (y) ⊂ Y \ f (M) and that f | f −1(O (y)) is a 1-closed functions (with the cover of f −1(y) by ⋃εy) onto O (y).
The proof of (b) in fact reproduces [6, Lemma 3]:
If My is nonempty and V ⊃ My is an open set, then for every K ∈ εy the set BK = K \ V is closed and⋂
K∈εy
BK = ∅.
Since X is a normal space and |εy| < ℵ0, there exist the open sets WK ⊃ BK such that⋂
K∈εy
WK = ∅.
Obviously, every WK ∪ V ⊃ K is open and according to the deﬁnition of 2-closed functions, there exists an open set
UK (y) such that, for every y′ ∈ UK (y), there is K ′ ∈ εy′ such that WK ∪ V ⊃ K ′ .
Since |εy | < ℵ0, the set U (y) =⋂K∈εy U K (y) is open and we have for every point y′ ∈ U (y) ∩ f (M)
My′ =
⋂
εy′ ⊂
⋂
K∈εy
(WK ∪ V ) =
( ⋂
K∈εy
WK
)
∪ V = V .
Let us denote g = f |M : M → f (M).
In summary it can be said, therefore, that if y ∈ f (M) and V ⊃ g−1(y) is an open set, then for every point y′ ∈ U (y) ∩
f (M) we have V ⊃ g−1(y′). Hence, g is a closed function.
It follows from item (a) of Lemma 4.1 that Y \ f (M) is open in Y ; hence, f (M) is closed in Y . 
Let us return to the proof of Theorem 4.1.
According to item (a) of Lemma 4.1 f is closed at every point y ∈ Y \ f (M), hence the restriction f | f −1(Y \ f (M)) is a
closed function onto Y \ f (M). According to item (b) of Lemma 4.1 f |M is a closed function onto f (M). 
A countably closed function f : X → Y with compact ﬁbers is called countably perfect.
Corollary 4.1. Let f : X → Y be a continuous, 2-closed function between metrizable separable spaces. Then there is X∗ ⊂ X such that
the restriction f |X∗ is a countably perfect function onto Y .
Proof. Indeed, by Theorem 4.1 the restriction of f to f −1(Y \ f (M)) ∪ M is a countably closed function onto Y .
Taimanov proved [8, Lemma 2] that if f : X → Y is a continuous and closed function, then there exists a countable set
Y0 ⊂ Y such that for every point y ∈ Y \ Y0 its ﬁber f −1(y) is compact.
Hence, there exists a countable set Y0 ⊂ Y such that for X∗1 = ( f −1(Y \ f (M)) ∪ M) \ f −1(Y0) the restriction f |(X∗1) is a
countably perfect function onto Y \ Y0.
Obviously, for the set X∗2 = {xi ∈ f −1(yi): yi ∈ Y0} the restriction f |X∗2 is a countably perfect, one-to-one function
onto Y0. Finally, deﬁne X∗ = X∗1 ∪ X∗2 . 
If n < ℵ0, then the conclusions of Theorem 3.1 and Corollary 4.1 remain valid for n-closed and n-open functions.
For n-open functions, this follows from the consideration of poles.
For n-closed functions the proof in fact reproduces [6, Lemma 3].
A. Ostrovsky / Topology and its Applications 159 (2012) 3229–3233 3233If n = ℵ0 and each ﬁber f −1(y) is compact, then the question of whether the conclusion of Corollary 4.1 is true remains
an open question [5, p. 230].
Finally note that we have not really used in Theorems 3.1 and 4.1 the continuity of functions. A set-valued reformulation
of Theorem 3.1 can be made using [3, Theorem 2.4] and its analogue [7].
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